DAY THIRTY ONE

Vector Algebra

CLearning & Revision for the Day)

+ Vectors and Scalars + Angular Bisectors + Scalar Triple Product

+ Types of Vectors + Position Vector (PV) + Vector Triple Product

+ Addition, Subtraction + Components of a Vector in 2D and 3D + Linear Combination,
and Scalar Multiplication + Scalar (Dot) Product Linear Independence
of Vectors and Dependence

+ Vector (Cross) Product

Vectors and Scalars

Physical quantities are divided into two categories Scalar Quantities and Vector Quantities.
Those quantities which have only magnitude and not related to any fixed direction in space
are called scalar quantities or simply scalars. Examples of scalars are mass, volume, density,
work, temperature etc.,

Vectors are those quantities which have both magnitude as well as direction.
Displacement, velocity, acceleration, momentum, weight, force etc., are examples of vector

quantities. A directed line-segment is a vector, denoted as AB (or AB) or simply; (or a).

A a B }
(Initial point) (Terminal point)

* Magnitude (or length) of a vector a is denoted by |a| and it is always a non-negative scalar.

Types of Vectors

(i) A vector whose initial and terminal points coincide is called the zero or null vector and it
is denoted as 0.

(ii) A vector whose magnitude is 1, is called a unit vector. The unit vector in the direction of a
a

al

denoted by i, j and k, respectively.

is given by — and is denoted by a. Unit vectors parallel to X-axis, Y-axis and Z-axis are

(iii) Vectors are said to be like when they have the same sense of direction and unlike when
they have opposite directions.
(iv) Two vectors a and b are said to be equal, written as a = b, if they have same length and
same direction.
(v) Vectors which are parallel to the same line are called collinear vectors or parallel vector,

otherwise they are called non-collinear vector. If a and b are two collinear vectors, then
a = Ab for same A OR.

(vi) Vectors having the same initial point are called coinitial vectors.
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(vii) Vectors having the same terminal point are called
coterminous vectors.

(viii) A system of vectors is said to be coplanar, if they are
parallel to the same plane or lie in the same plane
otherwise they are called non-coplanar vectors.

(ix) The vector which has the same magnitude as that of a
given vector a but opposite direction, is called the
negative of a and is denoted by - a.

(x) A vector having the same direction as that of a given
vector a but magnitude equal to the reciprocal of the
given vector is known as the reciprocal of a and is
denoted bya ™.

(xi) A vector which is drawn parallel to a given vector through
a specified point in space is called a localised vector.

(xii) Vector whose initial points are not specified are called
free vectors.

(xiii) When a particle is displaced from point A to other point B,
then the displacement AB is a vector, called displacement
vector of the particle.

(xiv) Two vectors are called orthogonal, if angle between the
two is a right angle.

Addition, Subtraction and
Scalar Multiplication of Vectors

There are three laws for vector addition, which are given below.

(i) Triangle law If the vectors a and b lie along the two
sides of a triangle in consecutive order (as shown in
the adjoining figure), then their sum (resultant)a +b
is represented by the third side, but in opposite
direction.

(ii) Parallelogram law If the vectors lie along two
adjacent sides of a parallelogram (as shown in the
adjoining figure), then diagonal of the parallelogram
through the common vertex represents their sum.

(iii) Polygon law If (n - 1) sides of a polygon represents
vector
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a,,a,,a,,... in consecutive order, then their sum is
represented by the nth side, but in opposite direction
(as shown in the adjoining figure).

(iv) If aandb are two vectors, then the subtraction of b from a
is defined as the vector sum of aand —b and it is denoted
by a-b, i.e., a=b =a+(-b).

(v) To subtract b from a, we reverse the direction of b and
add it to vector a.

(vi) Let PQRS be a parallelogram such that PQ =a =SR and
PS=b =QR. Then, diagonal PR =a +b (addition of
vectors) and diagonal SQ =a —b (subtraction of vectors).

S a R
%y
b b
)
,oX
P a Q

(ii) Ifais a vector and A is a scalar (i.e. a real number), then Aa
is a vector whose magnitude is A times that ofa and whose
direction is the same as that ofa if A > 0 and opposite of a
if A <0.

=[A ||l

Important Results

(a+b=Db+a (ii) a + (b +c) =(a +b) +c
(iii)a-b Zb-a (iv)[axb|<|a|+|b]
(v)|]azb|2|a|-|b] (vi) A,(\,a) =\ A,)a =A,Q ,a
(vii) (A, +A,)a=A,a+A,a (viii) A(@ +b) =Aa +Ab

NOTE When the sides of a triangle are taken in order, it leads to zero
resultant, e.g., In ABC, AB+BC+ CA =0.

Angular Bisectors

Let a and b are unit vectors, the internal bisector of angle
between a and b is alonga + b and external bisector of angle is
alonga —b.

a+b

a-b
If a and b are not unit vectors, then above angle bisectors are

alongi + b and 2 _b , respectively.

la] |b] lal |b]

These bisectors are perpendicular to each other.
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Position Vector (PV)

Every point P (x, y,z) in space is associated with a vector
whose initial point is O(origin) and terminal point is P. This
vector is called position vector and it is given by
OP (orr)=xi+yj+zk.

Using distance formula, the magnitude of OP (or r) is
|OP|=x*+y* +7
e If A(a,q, a)and B (b,,b,,b,) have position vectors then

a and b respectively, then AB=b —a

and AB=|b -a|=\/(q, -b,f +(a -b,} +(a, b}

e Ifa and b are the PV of A and B respectively and r be the

PV of the point P which divides the join of A and B in the
mb * na

ratiom :n,thenr =
m*=n

Here, ‘+ sign takes for internal division and ‘- sign takes
for external division.

e Ifa, band c be the PV of three vertices of AABC and r be the
PV of the centroid of AABC, then r = m

Components of a Vector
in 2D and 3D

The process of splitting a vector is called resolution of a
vector. The parts of the vector obtained after splitting the
vectors are known as the components of the vector.

Let A | is the resolved part of A along X-axis i.e. the projection
of A on X-axis. Similarly, A | is the resolved part of A along
Y-axis, i.e. the projection of A on Y-axis.

Then, by the parallelogram law,

Yy
M 1 P
A, A
j A
X x 5 [
ol i N X
v

OP=ON+NP or A=A +A =A i+Aj

Where A, and A are the magnitudes of A, and A,.
Similarly, in three dimension we can represents vector A.
asA=A +A +A =Ai+Aj+Ak
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where A, A, and A, are the magnitudes of A, A and A,
respectively.

Here A,, A, and A, are called scalar components of A and A,
A, and A, are called Vector components of A.

If two vectors a =(q,, a,, a;) and b =(b,,b,,b,) are equal, then
their resolved parts will also equal i.e. q =b,,a, =b, and
a, =b,. Ifa=qi+aqaj+agkandb =b,i+b,j +b,k, then
(Ja+b =(aq +b)i +(a, +b,)j +(a; +b,)k
(i)a-b =(q -b)i +(a, -b,)j +(a; —b;)k
(iii) Aa =Aqi +Aq,j +Aak

Scalar (Dot) Product

The scalar product of two vectors a and b is given by
alb=|a||b|cosB,0<6<T

Properties of Scalar Product is listed below:

1. alb=b0 [commutative law]
2. alb=0,ifaOb

3. ala=|al

4. iG=j0=kk =1

andi=ilk=jk =50 =k d =k [ =0
5. Ifa =qji +aqj +aqkandb =b,i +b,j +b,k,
thenalb=q b, +a,b, +a,b,
6. a (o [(b)=a (a [b)
7. allbxc)=albtalt
8. For any two vectors a and b, we have
() l[a+b[ =laf +|b[" +2(a b)
(i) [a-b[ =la +|b[" -2(a b)
(iii) (@a+b){a -b)=[af -[b[
(iv) alb <o0iffa and b are inclined at an obtuse angle.
(v) alb>o0iffa and b are inclined at an acute angle.
9. Ifa=qai+aj+agkandb =b,i +b,j +b,k are inclined
at an angle 6, then

[distributive law]

ab, + ab, +ab,
Vai +a +af b} +b} b
10. If ris a vector making angles a, B and y with OX, OY
and OZ respectively, then

cos B =

cosa =r,cosB=r§,cosy=rlk
r=|r|cosai+|r|cosBj+|r|cosyk
If r is a unit vector, then
r=(cosa)i +(cosP)j +(cosy) k
11. Projection of a on b(scalar component of a along b) is

A
a
0} i b
OM:Q
b
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12. Components of a along and perpendicular to b are

N O .
OM = ab (b and MA =a - %EEID), respectively.
b O/b[O
13. Work done If a particle acted on by a force F has
displacement d, then work done = F [d

Vector (Cross) Product

The vector product of two vectors a and b is given by
a xb =|a||b|sin® h, where n is a unit vector perpendicular
toa and b such thata, b and n form a right handed system and
0 (0 <6 < 1 is the angle between a and b.
Properties of vector product are listed below:
1. axb=-(b x a)
2. (axby =|af |b[" ~(a by
3. maxb=m(a xb) =a xmb
4, ax(btc)=a xb ta xc
and(btc)xa =b xa tc xa
axb =0 = al|b, where, a and b are non-zero vectors.
6. Ifa =qi +qaj+akandb =b,i +b,j +b,k
i j k
then,a xb =|q, aq q
b, b, b,

[$)]

7. The vector perpendicular to both a and b is given by
a xb.

8. The unit vectors perpendicular to the plane of a and b

a X
are =
axb|

and a vector of magnitude A perpendicular

A (@ xb)
laxb|
9. If i, jand k are three unit vectors along three mutually
perpendicular lines, then
ixi=jxj=k xk =0,ixj=k,jxi=-k,jxk =i,
kxj=-i, kxi=jixk=-j
10. (i) The area of parallelogram with adjacent sides a and
bis|axb|
(ii) The area of quadrilateral with diagonalsd, andd,

.1
1sg\d1><dz |

to the plane of (a and b or b and a) is

(iii) The area of triangle with adjacent sides a and b, is
Liaxb|
2

(iv) If a, b, ¢ are position vectors of a AABC, then the
area =é\ (@ xb) +(b xc) +(c xa)|.

11. Three points with position vectors a, b, ¢ are collinear
ifaxb+b xc +c xa =0

Scalar Triple Product

If a, b,c are three vectors, then their scalar triple product is
defined as the dot product of a and b xc. It is denoted by
[abc]. Thus, [a bc] =a [b xc).

Properties of Scalar Triple Product are listed below:
1. [abc]=[bca]=[cab]

[abc]=-[bac]=-[cba] =-[ach]

If A is a scalar, then[Aa bc]=A [a b c]

[abc,+¢,]=[abcg,] +[abc,]

(@axb)ld =a b xc)

The scalar triple product of three vectors is zero, if

any two of them are equal or parallel or collinear.

N

Ifa, b and ¢ are coplanar, then [a b¢] =0
8. If [a bc] =0, then any two of the vectors are parallel or
a, b and c are coplanar or ¢ =aa + (3b.
9. Four points with position vectors a, b, ¢ and d will be
coplanar, if[b —a,c —a,d —a] =0.
10. Volume of parallelopiped, whose coterminous edges
area, bandcis|[abc]|
11. Ifa =qi +aj +ak b=b, i +b,j +bk
a4 @ G4
andc =¢,i +¢,j +¢,k, then[labc]=|b, b, b,

¢, ¢ G
alh alb alt
12. [axbbxccxa] =[abcf =/bla blb blkt
clh clb clk

alhh alv alw
13. [abc¢c]Juvw]=|blu blv blw
clin clv clw
14. Ifa = ql+am+an; b =b,1+b,m+b,n and
aQ a g
¢ =c¢,l+c,m+c;n, thenlabc]=|b, b, b, |[l,m,n]

c, ¢ G

Tetrahedron and lts Volume

A tetrahedron is a three dimensional figure formed by four
triangles, as shown in figure

A(a)
(b) (©
(b)B C (o)
Volume of tetrahedron
OABC = % labg]

Ifa, b, c and d are position vectors of vertices A, B,C and D of a
tetrahedron ABCD, then its volume

=%[a ~d b-d c—d]
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Vector Triple Product

If a,bandc are three vector quantities, then the vectors
a x(b xc) and (a xb) xc represents the vector triple product
and is given by
ax(bxc)=@k)b —-(a b)c
(@axb)xc=(@ )b —(b da
Properties of Vector Triple Product are listed below:
1. (a xb) xc =a x(b xc)if some or all a, b and ¢ are zero
vectors or a and ¢ are collinear.
2. axb xa =(@ xb) xa =a x(b xa)
3. Vectora x (b x¢)is perpendicular to a and lies in the
plane of b and c.
ald ald

4. (axb)k xd)= bE bl

Linear Combination, Linear
Independence and Dependence

A vector r is said to be a linear combination of vectors
a, b, c,... etc., if there exist scalars x, y, z, ... etc., such that
r=xa+yb +zc +...

e If two non-zero vectors a and b are linearly dependent,
then it means
(i) there are non-zero scalar a and  such thata a + b =0.
(ii) a and b are parallel.
(iii) a and b are collinear.
(iviaxb =0
Otherwise, a and b are linearly independent.
e If three non-zero vectors a, b and ¢ are linearly dependent,
then it means
(i) there are non-zero scalarsa, B and ysuch that
oa+fBb+yc=0
(ii) a, b and c are parallel to same plane.
(iii) a, b and ¢ are coplanar.
(iv) a =a,b +a,c etc.
(v)[abc]=0
Otherwise a, b and ¢ are linearly independent.

e A set of non-zero vectorsa,, a,, a,, ...... ,a, is said to be
linearly independent, if x,a, + x,a, +...+x,a, =0

n“'n

0 x, =x, =...=x, =0, where x,, x,,... x, are scalars.

(DAY PRACTICE SESSION 1)

FOUNDATION QUESTIONS EXERCISE

1 Let us define the length of a vectorai+bj+ ckas
|a|+]|b]|+]|c]| This definition coincides with the usual
definition of length of a vector ai+ bj + ckiiff

(a)a=b=c=0

(b) any two of a, b and c are zero
(c) any one of a, b and c are zero
(da+b+c=0

2 The non-zero vectors a,b and ¢ are related by a=8b and
¢ =—7b. Then, the angle between a and cis = AIEEE 2008

Tt Tt
(b) O (c) 4 (d) —

2

3 If a vector r of magnitude 3+v6 is directed along the
bisector of the angle between the vectors

(a)

a=7i-4j-4kand b=-2i —j + 2k, thenris equal to
(a) i—7j+ 2k (o) i+7j-
(c)i+7j+ 2k (d)i-7j-
4 If C is the mid-point of AB and P is any point out side AB
then = AIEEE 2005

(a) PA+PB+PC =0 (b) PA+PB+2PC =0
(c) PA+PB =PC (d) PA+PB =2PC

5 If the vectors AB =3i + 4k and AC =5i - 2j + 4k are the
sides of a A ABC, then the length of the median through

Alis - JEE Mains 2013
(a) V18 (b) V72 (c) V33 (d) /45

6 Let|a|=2v2,|b|

If a parallelogram is constructed with adjacent sides
2a — 3banda +b, then its longer diagonal is of length
(a) 10 (b) 8

c) 226 (d) 6

7 Ifa,b andc are unit vectors, then

=3 and the angle betweena andb is g

la-b|” +|b-c|® +|c —a|® does not exceed to
(a) 4 (b) 9 (c) 8 (d) 6
8 a and ¢ are unit collinear vectors and| b | = 6, then

b-3c=MAa,ifAis
(a) =93
(c) 3,-3

(b) 9,3
(d) None of these

9 Ifa andb are unit vectors, then what is the angle
between a and b for +/3a —b to be a unit vector?
= NCERT Exemplar
(a) 30° (b) 45°
(c) 60° (d) 90°
10 Ifa andb are unit vectors inclined at an anglea,a 0[O0, Tt]
to each other and|a +b| <1.Then, a belong to

OEF o
I8 s
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11 If a, b and ¢ are unit vectors satisfying a -J3b+c =0,
then the angle between the vectors a and ¢ is

Tt Tt Tt Tt
(a) " (b) 3 (c) 5 (d) 5

12 The value of a, for which the points, A, B, C with position
vectors 2i —j+ki-3j-5kandai-3j+k
respectively are the vertices of a right angled triangle

. I
with C = — are
2 = AIEEE 2006
(a) -2 and -1 (b) -2 and 1
(c) 2and -1 (d) 2and 1

13 If the vectorsa =i-j+2k, b =2i+4j+kand

¢ = Ai+]j+pk are mutually orthogonal, then (A, p)is

equal to = AIEEE 2010
(a) (-3,2) (b) (2,-3)
(c) (-2,3) (d) (38,-2)

14 Leta and b be two unit vectors. If the vectorsc =a + 2b
andd =5a —4b are perpendicular to each other, then

the angle betweena and b is = AIEEE 2012
Tt Tt Tt I
a) — b) — c) — d) —
(a) 5 (b) > (c) 3 (d) 2

15 If p,g andr are perpendiculartoq +r,r +pandp +q
respectively and if |p +q|=6,|q +r| =43 and
[r+p|=4then|p+q+r]is

(a)5v2 (b) 10
(c)5 (d) 15

16 Letaand b be the position vectors of points A and B with
respect to origin and |a| = a,|b| =b. The points C and D
divide AB internally and externally in the ratio 2: 3. If
OC and OD are perpendicular, then

(a) 9a% = 4b® (b) 4a® =9b?
(c) 9a=4b (d) 4a=9b

17 A vector of magnitude /2 coplanar withi + j +2k and

i+ 2j +kand perpendicular toi+j+kis
(a) —j+k (b) i-k (c)i-j

18 If the positive numbers a, band c are the
pth, gth and rthterms of GP, then the vectors
logali+logb+logc®&and(qg -r)i+(r —p)j +(p —g)k
are
(a) equal
(c) perpendicular

(d) i-2j+k

(b) parallel
(d) None of these

19 The distance of the point B with position vector
i + 2j + 3k from the line passing through the point A,
whose position vector is 4i + 2 j+ 2k and parallel to the
vector 2i + 3j + 6k is

(a) V10 (b) 5 (c) V6 (d) V8

20 Leta=2i-j+kb =i +2j -kandc =i+ — 2k be three
vectors. A vector of the type b + A ¢ for some scalar A,

whose projection on a is of magnitude \E is

(a) 2i+j+5k
(c) 2i-j+5k

(b) 2i + 3j - 3k
(d) 2i+ 3j+ 3k
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21 Letu, v and w be three vectors such that
lul=1]|v]=2|w]|=3

If the projection of v along u is equal to that of w along u
and vand w are perpendicular to each other, then
|[lu-v +w]| isequal to
(a) 4 (b) N7 (c) V14 (d) 2
22 Ifa,b and c are three mutually perpendicular vectors,
then the projection of the vector
a b (a xb)
—+m +n
la xb|

— along the angle bisector of the
la| |b]

vectora andb is

2 2
(@) % (o) JP +m? + 1P
+m- +n

() N *M JE (d) [+m
JE+m? +n? V2

23 Resolved part of vector a along the vector b is a, and that
perpendicular tobisa,, thena, xa, is equal to

(@ xb)b b) @xba
(a) o]’ (b) af
(c) %bzxa) (d) (@) (b xa)

| b| |bxa|

24 A particle is acted upon by constant forces 4i + j — 3k
and 3i + j —k which displace it from a pointi + 2j + 3k to
the point 5i + 4j + k The work done in standard units by

the forces is given by = AIEEE 2004
(a) 40 units (b) 30 units
(c) 25 units (d) 15 units

25 If uand v are unit vectors and 0 is the acute angle
between them, then 2u x 3v is a unit vector for
(a) exactly two values of 6 = AIEEE 2007
(b) more than two values of 6
(c) no value of 6
(d) exactly one value of 6

26 If the vectorsc,a =xi+ yj+zkandb =jare such that
a, ¢ and b form a right handed system, then ¢ is
(a) zi-xk (b) 0 - AIEEE 2002
() yi (d) —zi+ xk

27 Ifa=i+j+kandb =j-k, then a vector c such that

axc=b andalt =3is = NCERT Exemplar
5. 2. 2 2. .5..5

a) Zi+ Zj+ =k b) Zi+Zj+ =k

()3 Ity ()3 LA

(c) Ei + Ej + lk (d) None of these
3 3 3

28 Vectorsa and b are not perpendicular and ¢ and d are
two vectors satisfyingb x¢ =b xd anda [d = 0. Then,

the vectord is equal to = AIEEE 2011
(@) c+ 2 CHp (b) b+ PLHe
a b0 a b0
O
(©) c - P Ch (d) b- LR
[a O abO
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29 If u, v and w are non-coplanar vectors and p, g are real
numbers, then the equality
[Bupvpw]-[pv w gqu]-[2w gV gu] =

holds for

(a) exactly two values of (p, g)

(b) more than two but not all values of (p, g)
(c) all values of (p, Q)

(d) exactly one value of (p, 9)

= AIEEE 2009

30 Letv =2i+j-kandw =i+ 3k. Ifuis a unit vector, then
the maximum value of [uv w]is

(a) -1 (b) V10 + V6
(c) 59 (d) V60
31 Ifa=i-jb=j-k c=k-ianddis a unit vector such
thatad =0 =[ bc d], thend is/are
ii+j—k bii+j—2k
(a) 7 (b) —%
i+j+k
Cc)* d) £k
(c) V&) (d)
32 The vector (ixa )i+ (jxa B)j+ (k xa B)k is equal to
(a)bxa (b)a (c)axb (d) b

33 The points with position vectorsa i+ j+k,i—j-k, i+ 2j-
i+j+ Pk are coplanar if
(@) -o)(1+p) =0 (b) (-a)(1-B) =
(c) (+a)1+p) = (d) (+a)(1-P) =0
34 Leta=i+j+kb=i-j+2kandc=xi+(x -2)j -klf
the vector ¢ lies in the plane of a and b, then x equal to
= AIEEE 2007
(@) 0 (b) 1
(c) -4 (d) -2
35 If the vectors pi+ j+k,i+ gj+kandi+j+rk
(p#q #r #£1)are coplanar, then the value of
pgr —(p+q +r)is
(a) -2 (b) 2
(c) 0 (d) -1
36 Leta =ai+ bj+ck, B=hbi+cj+akandy =ci +aj +bk
be three coplanar vectors witha # band v =i +j +k.
Then, v is perpendicular to
(a) a (b) B (c)y (d) All of these

37 If a,b,c are non-coplanar vectors and A is a real
number, then[A(a+b) A°b Ac]=[a b+c b]for
(a) exactly two values of A = AIEEE 2005
(b) exactly three values of A
(c) no value of A
(d) exactly one value of A

38 Leta, b and ¢ be three non-zero vectors which are
pairwise non-collinear. Ifa + 3b is collinear with ¢ and
b + 2c is collinear witha, thena + 3b + 6¢ is equal to

(a) a +c (b) a (c) c (d) 0

39 If[a xb b xc ¢ xa]=A[abc J?, then A is equal to
= JEE Mains 2014

= AIEEE 2011

(@0 (b) 1
()2 (d)3

40 If V is the volume of the parallelopiped having three
coterminous edges, as a, b and c, then the volume of the
parallelopiped having three coterminous edges as

a=(@la)a+@b)b+ (alct)c

B=@b)a +bb)b+(bIld)c

y=(@ld)a +(b@d)b +(c B)c
(a) V*° (b) 3V
(c) V2 (d) 2v

41 Ifa,band c are non-coplanar vectors and A is a real
number, then the vectorsa + 2b + 3c, Ab + 4¢ and
(2N =1)c are non-coplanar for

(a) no value of A

(b) all except one value of A
(c) all except two values of A
(d) all values of A

1 1
42 Ifa=—(3i+k)andb == (2i + 3j —6k), then the value
m( ) 7( ] )
of (2a -b)(a xb) x(a +2b)]is = AIEEE 2011
(a) -3 (b) 5
(c) 3 (d) -5
43 Let4, b and é be three unit vectors such that
a X(B x€) = £ (b+¢). If b is not parallel to €, then the
angle between aandbis = JEE Mains 2016
31 T 2T 51
a) — b) — c) =— d) 2=
(a) 4 (b) 5 (c) 3 (d) 5

44 Ifa =j-kandc =i-j—k. Then, the vector b satisfying

axb+c =0andald =3, is = AIEEE 2010
(a) —i+j-2k (b) 2i-j+2k
(c) i-j-2k (d) i+j-2k

45 Letube a vector coplanar with the vectorsa = 2i + 3] -k
andb = ]+ k. Ifuis perpendicular toa and ub=24, then

2 .
lu[" is equal to ~ JEE Mains 2018
(a) 336 (b) 315 (c) 256 (d) 84
46 Leta, band c be three unit vectors such thata is
perpendicular to the plane of b and ¢. If the angle
betweenb andc is g then|a xb —a xc|? is equal to
1 1
a) — b) —
(a) 3 (b) 5
(c) 1 (d) 2
47 The vectorsaand b are non-collinear. The value of x, for

which the vectors, ¢ =(2x + 3)a +b and
d =(2x + 3)a —b are collinear is
1

(a) > (b) 3

(d) None of these

48 ltis given thata, b, c are mutually perpendicular vectors
of equal magnitudes.
Statement | Vector (a +b +¢)is equally inclined toa, b
andc.
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Statement Il If o, and y are the angles at which
(a +b +c)isinclined toa,b andc, thena =B =y.
(a) Statement | is true, Statement Il is true; Statement Il is a
correct explanation for Statement |
(b) Statement | is true, Statement Il is true; Statement Il is
not a correct explanation for Statement |
(c) Statement | is true; Statement Il is false
(d) Statement | is false; Statement Il is true

49 Statement | Fora = -1 the volume of the

NE)
parallelopiped formed by vectorsi+ aj, ai +j +kand
j + akis maximum.
Statement Il The volume of the parallelopiped having
three coterminous edgesa,b andcis|[a b c]|.
(a) Statement | is true, Statement Il is true; Statement Il is
not a correct explanation for Statement |

(b) Statement | is true; Statement Il is false

(c) Statement | is false; Statement Il is true

(d) Statement | is true, Statement Il is true; Statement Il is a
correct explanation for Statement |

50 Statement | A relation between the vectorsr, a and b is
axb
rxa=b0r= .
ala
Statement Il r& =0.
(a) Statement | is true, Statement Il is true; Statement Il is a
correct explanation for Statement |
(b) Statement | is true, Statement Il is true; Statement Il is
not a correct explanation for Statement |
(c) Statement | is true; Statement Il is false

(d) Statement | is false; Statement Il is true

(DAY PRACTICE SESSION 2 )

PROGRESSIVE QUESTIONS EXERCISE

1 Leta=2i +] -2k b =i+ jandc be a vector such that

|c-a|=23|(axb)xc|=3and the angle betweena and
a xb is 30°. Then,al¢ is equal to = JEE Mains 2017
25 1
a) — b) 2 c) 5 d) —
(a) 5 (b) (c) (d) 5

2 Given, two vectors arei—j andi + 2j, the unit vector
coplanar with the two vectors and perpendicular to first is
1 .. 1 4
a) — (i + b) —@i+
(a) ﬁ( ) (b) ﬁ( )

1.,
c) +—(i+ d) None of these
(c) ﬁ( ) (d)
3 Vectorsa andb are such that|a|=1|b|=4anda® =2.
Ifc =2a xb —3b, then the angle betweenb andc is
s 51 s 21
a) — b) =— c) — d) —
(a) 5 (b) 5 (c) 3 (d) 3
4 A unit vector d is equally inclined at an angle a with the
vectorsa =cos0 [+ sinB b=-sinb [+ cos6 jand
¢ =k. Then, a is equal to

(a) cos™ %@

(c) cos™ % (d)

5 Letp=3ax’i-2(x -1)j,q =b(x -1)i +xjandab <0.
Then, p and q are parallel for atleast one x in
(a) (0, 1) (b) (1.0)
(c) (1,2) (d) None of these

6 Ifla|=|b|=|c| =1anda b =b [@¢ =c [@ =cosb, then the
maximum value of 8 is

] ] 2T 2T
(a) 3 (b) 5
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7 Ifb = 4i + 3jand ¢ be two vectors perpendicular to each
other in the xy-plane. Then, a vector in the same plane
having projections 1 and 2 along b andc
respectively, is

(a) i+ 2]
() 2i+]

(b) 2i—]
(d) None of these
8 The unit vector which is orthogonal to the vector

3i+ 2j + 6k and is coplanar with the vectors 2i + j + k
andi-j+k, is

2i - 6j + k 2i - 3j
N ©
3j-k 4i+ 3j - 3k
© o @

9 The values of x for which the angle between the vectors
2x%i+ 4xj+kand7i-2j+ xkis obtuse and the angle
between the Z-axis and 7i — 2j + xk is acute and less

than g is given by

1
a) O<x<_—
() >

y
c) —<x<15
()2

(b) X>%orx<0

(d) No such value for x

10 Ifa and b are unit vectors, then the greatest value of
la+b|+]a-b]is

(a) 2 (b) 4
(c) 22 (d) V2
11 Letu=i+jv=i—-jandw =i+ 2j + 3] If nis a unit vector
such thatuh =0and v =0, then| w | is equal to
(a) 3 (b) 0

(c) 1 (d) 2
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12 Letb andc be non-collinear vectors. Ifa is a vector such

thata (b +c) =4anda x(b xc)=(x? -2x +6)b
+ sin y [& then (x, y) lies on the line
(@) x+y=0 (b) x-y=0

(c) x=1 (d)y=m
13 Ifa=aj +a,j +a,k b=bj+b,j+bk,
c =cj+c,j+ck |c|=1and(a xb) xc =0, then
a, a, a,
b, b, b,
01 CZ CS
(@) 0 (b) 1 d) la xb|?
14 Ifais a unit vector and projection of x along a is 2 and
a xr +b =r, thenr is equal to
(@) Jla-b+axb (b)
(d)a
15 Leta,bandc be unit vectors such thata +b +¢ =0.
Which one of the following is correct?
(a) a xb=b xc =c xa =0
(b) axb=bxc =c xa #z0
(c)axb=bxc=a xc =0
(d) a xb,b xcand ¢ xa are mutually perpendicular
16 LetG,, G, and G, be the centroids of the triangular
faces OBC, OCAand OAB of a tetrahedron OABC. IV,
denote the volume of the tetrahedron OABC and V, that
of the parallelopiped with OG,, OG, and OG , as three
concurrent edges, then
(a) 4V, =9V, (b) 9V, = 4V,
(c) 3V, =2V, (d) 3V, =2V,

is equal to

c) lal* |b|*

%[2a+b+a xb]

(c)a+a xb —-a xb

17 ABC is triangle, right angled at A. The resultant of the

forces acting along AB and AC with magnitudes

N and % respectively is the force along AD, where D

AB
is the foot of the perpendicular from A onto BC. The
magnitude of the resultant is

18

19.

20

a (AB) (AC) T,

(b)

AB + AC AB  AC

1 ABZ? + AC?

(€) —— (d) 22 *AC
AD (AB)? (AC)

Let a, b and ¢ be three non-zero vectors such that no two
) 1 )
of them are collinear and (a xb) xc =f|b||c|a. Ife is

the angle between vectors b and c, then a value of sin®

is = JEE Mains 2015
22 -2 2 -243
(a) 5 (b) 5 (c) 3 (d) 5

Let ABCD be a parallelogram such that AB=q,AD=p,
and OBAD be an acute angle. If r is the vector that
coincides with the altitude directed from the vertex B to
the side AD, thenr is given by

_ 3(pla) gm0
(@) r=3q- (b) r=-q+
T T

_q-PET, 0 r = aq+ 3P
R r==sat o P

Statement | Ifuand v are unit vectors inclined at an
angle a and x is a unit vector bisecting the angle
between them, then x = L"G_
2 Cos —
2

Statement Il If AABC is an isosceles triangle with

AB = AC =1, then vector representing bisector of angle A

AB + AC

5 .

(a) Statement | is true, Statement Il is true; Statement Il is a
correct explanation for Statement |

(b) Statement | is true, Statement Il is true; Statement Il is
not a correct explanation for Statement |

(c) Statement | is true; Statement Il is false

(d) Statement | is false; Statement Il is true

is given by AD =

ANSWERS

,

(b) 2 (a) 3 (a) 4 (d)

11 (b) 12 (d) 13 (a) 14 ()

21 (¢ 22 (d) 23 (o) 24 (a)

31 (b) 32 (o) 33 (a) 34 (d)

41 (o) 42 (d) 43 (d) 44 (a)

1 (b) 2 (a) 3 (b) 4 (b)
11 (a) 12 (c 13 (d) 14 (b)
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6 (0 7 (b) 8 (a) 9 (a) 10 (b)
16 (a) 17 (a) 18 (o) 19 (a) 20 (b)
26 (a) 27 (a) 28 () 29 (d) 30 (9
36 (d) 37 (0 38 (d) 39 (b) 40 (a)
46 (o) 47 (o) 48 (a) 49 (o) 50 (b)

6 (0 7 (b) 8 (o) 9 (d) 10 (c
16 (a) 17 (o) 18 (a) 19 (b) 20 (a)
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Hints and Explanations

SESSION 1

1 We have,
lai +Dbj+ck|=[al+|b]|+]c|
Oa&@ +b*+c* =|la|+|b]| +|c|
Od+b*+c¢*=d +b* +¢*
+2lallb|+|bllc|+]c|all
O lallb|+[bllc|+]cllal=0
d ab =bc =ca=0
Hence, any two of a, b and ¢ are zero.
2 Since,a = 8bandc = -7b
So, a is parallel to b and ¢ is
anti-parallel to b.
O a andc are anti-parallel.
So, the angle betweena andc is T

3 The required vector

Ua b O .
r=A §>+—§ where A is a scalar.
al |b|

Or=A @1[7i—4j—4k]
9

+1(—2i—i+2k]ﬁ
3

A

O r=2(i-7j+2k)
9

Given, | r|* = 54
)\2
O 2 (1+49+4)=540A=% 9
81
Thus, the required vector is
r=+(i—-7j+2k).

4 Let P be the origin outside of AB and C

is mid-point of AB, then

- PA+PB

PC

0O 2PC=PA+PB

5 We know that, the sum of three vectors

of a triangle is zero.

A
B m C
O AB+BC +CA =0
0 BC =AC -AB
O BM:@

[since, M is a mid-point of BC]
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Also, AB+BM +MA =0
[by properties of a triangle]

0 AB+7AC2_AB=AM
o0 Aam=AB*AC
2
_3i+4k+5i-2j+4k
2
=4i-j+4k
O |AM =4+ 1* + 4 =433
6 Wehave,aEb=2«/§EBDl—=6
V2
The diagonals are (2a — 3b)* (a +b)

i.e.3a —2banda - 4b

U Length of diagonals are

|3a-2b[=9]a|+4|b|-12a [b
=9[B8+4[9-12[6 =36

and |[a-4b [ =|a|+16/b|-8a [b

=8+ 1609 —-8[6 =104
So, the length of the longer diagonal is
V104 i.e. 24/26.

7 Since,(a+b+c)*>2003+2Yab=0

or -2Yal<3
0 Ja-bf+|b-cf+]|c-af
=6-2Yalb<9

8 Wehave,b-3c = Aa

Taking scalar product with ¢, we have
(b-3c)le=A(ald)
o bk-3(ck)=A(al@)

fla = ]c|=1

and a and c are collinear vectors]

0 ble-3=A

O ble=3+ A (1)

Again, b-3c =M

O [b-3c |=|hra]|

0 lb-3c f=X]af

O |bf+9c[f-6(k)=X]af

O 36+ 9-6(3+A)=N\
[from Eq. (i)]

O 27-6A=X [N *+% -27=0

O A=- 93

9 We have, (+v3a - by

=3a’+b’-23a=1
3+1-23alb=1
[since, a and b are unit vectors]
Thus, 3 =2+/3a [b

aEb=ﬁD|a||b|cosﬁ=ﬁ
2 2
O cosezﬁ
2
O 6= 30 [ ]al= |b]=1]

10 Since, |[a+b [ <1
a 2+ 2cosa<1

a 4cos* X< 1
2
O cosg<1I]x D?, T[Q
2 2 3
11 J3b=(a +c)
O 3/b f=]a f+]|c [+2ald
0 31)=1+1+2a (@
O 2ale =1
O |a| ||:|cos9=1
2
O cose=1
2
O B:E
3

12 Since, position vectors of A, B, C are

2i-j+k,i-3j-5kandai-3j+k,

0

respectively.
Now,
AC=(ai-3j+k)-(2i-j +k)
=(a-2)i-2j
and BC = (ai - 3j + k) —-(i —-3j —-5k)
=(a-1i + 6k
Since, the AABC is right angled atC,
then
BCBC=0
O {(a-2)i-2jyH(a-1)i +6k} =
O (a-2)(a-1)=0
O a=landa=2

13 Since, the given vectors are mutually
orthogonal, therefore
ab=2-4+2=0
ald=A-1+2u =0
bld=2\+4+p =0
On solving Egs. (i) and (ii), we get
p=2 and A=-3
Hence, (A,1)=(-3,2)
14 Given that,
(i) a and b are unit vectors,
ie.la [=|b|=1
(ii) c=a + 2bandd =5a - 4b
(iii) ¢ and d are perpendicular to each
other,i.e.cld =0

..(i)

Now,cd =0
O (@a+ 2b)5a-4b)=0
O5ala—-4alb+ 10b@-8bb=0
] 6alb=3
O aI:b=1

2

So, the angle betweena and b is E.
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15

16.

17

18

pUq+t r,qOrt pandrOp+ q

O plg+1)=0
qOr+p)=0
rl(p+tq)=0

g plg+plxr=0
qb+qp=0
rlp+rlg=0

On adding, we get

2(plg+qlr+rip)=0
Also, |p+q |=6
a [p+q [ =36
0O p*+q°+2plq =36
Similarly, q* + r* + 2q [f =48
and r’+p’+2rp=16
Adding all, we get
2(p°+q’ +1° +plg +q F +r [p) =100
O 2(p*+q°+r’)=100
[~ plg+q@+rp=0]
O p’+q* +1r’ =50
0 |[p+q+r [ =50
Ip+q+r|=572

E@ﬁ[{sa -2b)=0

D(3a—2b )
3-2
0 9]a|*-4|b|*=0
0 9a’=4b’
A vector coplanar withi + j + 2k and
i+2j+kisi+j+2k +A(i +2j +k)

=(1+A)i+(1+2N)j +(2 +A)k.
It is perpendicular toi + j + k.
01+ A+1+2A+2+A=00A=- 1
So, the required vector is —j + k.
Let first term and common ratio of a GP
bea and 3. Then,
a=aB",b=a P’ ,¢c=a B
O loga=loga + (p —1) logf, etc.
The dot product of the given two
vectors is
Z{logu + (p - 1)logB} (@ — )

= (loga - logB) 2 (q - 1)

+logBZ plg-1)=0

Hence, given vectors are perpendicular.
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19 Here, AB=-3i +k

Now, AB[(2i+ 3j+ 6k)=-6+6 =0
Hence, AB is perpendicular to the given
line.

Thus, the required distance

= |AB | =49+ 1 =10

20 Given,a =2i-j+k,b=i+2j -k and

c=i+j-2k
Now, we have;
b+ =1+ Ni+(2+))j

+ (-1 -2M)k
[ Projection of (b + Ac)on
:7“”-)\0]@ =2 [given]
la] 3
0 20+ A) =2 +A)+(-1 -2\) _ 2
Jé+1+1 3
. A -1 N2
| Vs
OA+ £ 2 OA= 1
0 b+ AX=2i+3j-3k
21 We have, projection of valong u =
Projection of w along u
vih _wl
[u| |u|
O vii=w[h ...(1)

Also, vand w are perpendicular to each
other.
O viw =0
Now,
[u-v+w [=fuf+|v[+|w]

—2ul¥)-2(vEv)+ 2 (u )
O |Jlu-v+wf=1+4+9

[from Egs. (i) and (ii)]

O |u-v+w =414

(i)

22 A vector parallel to the bisector of the

angle between the vectorsa and b is

a b
la| [b]|
[ Unit vector along the bisector
_a+bh
la+h |
1
=—=(@+h)
V2
C-la+bf=|af+|b[+2a®d0
l& bf=1+1+0=2 H

0 Required projection
002 4 om b
la |

O la|
+n_axh Hol @+b)
laxb |g 2
(I + m)

- 1
V2
[]a|=|b|=1anda[b=a {a xb)

=bfa xb)=0]

24

25

26

27

LY
0 a,=a-a, =a—(aEb)b
| bf
_(@)b_0 (alb)bOd
Thus, a, xa @b x[@ - —0
" Ibf O [bP O
_(a ) (bxa)
[b [
Total force,
F=(4i+j-3k)+(3i+ k)
O F=7i+2j-4k
The particle is displaced from
A(i+2j+3k)
to B(51+4j +k).

Now, displacement,
AB=(5i+4j+ k) -(i+2j+3 k)
=4i+2j2k
[0 Work done = F [AB
=(7i+2j-ak)O4ai +2j 2k)
=28+4+38
= 40 units
Since, (2u x 3v)is a unit vector.
] |2ux 3v|=1
O 6|u||v|sinB|=1
O sin 6 = 1
6
[lu [=]v|=1]
Since, 0 is an acute angle, then there is
exactly one value of 6 for which
(2u x 3v)is a unit vector.
Since, the vectorsa = xi+y j +zk

and b =j are such thata, c and b form a
right handed system.

=zi-xk
Given,a=i+j+kandb=01i+j-k
Let ¢ =xi+ yj+zk such thata xc =b
anda [¢ =3
Now,a xc =b
i j k
O @1 1 1/=0i+j-k
X y z

O (z-y)i-ijlz-x)+k(y -x)

=0i+j-k
On comparing, we get
z-y=00yF z L)

-—z+x=10x ¥* z
and y-x=-1
Also,a ¢ =3
O (+ ¥ kJ(x# yjr zk¥ 3
O x+y+z=3 . (iv)
On putting the values of x and y from
Egs. (i) and (ii) in Eq. (iv), we get

1+2)+z+2z=3

..(i)

...(iii)
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28

29

30

31

0 3z=20 = 2
3

On putting the value of z in Egs. (i) and
(ii), we get

2 5

=Zandx==

7 3 3

These values of x and y also satisfy Eq.

(iii), we get
X:E y:g ZZE
37 37 3

Hence, cin + gj +gk,which is the
3 3 3

required vector.

Given,alb #0,ald =0 ..(1)
and bxc=bxd

O bx(c-d)=

O bl € -d)

O c—-d =Ab

O d=c - ...(i1)

On taking dot product with a, we get
ald=ald - Aal

O 0=al¢ -A(ab) [from Eq. (i)]
0 A=2ale i)
alb

0 d=c- @8}
(@ h)
Since, [3u pv pw] - [pvwqu]
-[2w gvqu] =0

0 3p*lullvx w)] - pq [vOw xu)]
-2 [w OQvxu) =0
O Bp* - pq +2¢*)[u Wxw) =0

But [uvw] #0
0 3p*-pg+2q =0
O p=q=0
i j k
Here,u\=1andvxw=z 1 -1
10 3

=3i -7j -k
|vxw|=v9+49+1 =59
[uvw] =uﬂ3v><w)s‘quXw‘Sx/£

Letd =d,i +d,j +d,k

ad= (1_] )Eﬂd1 i +dzj +d3k)
O d, -d, =0 [-ald =0
O d, =d, (1)
Also, d is a unit vector.
O d: +d} +d: =1 ...(ii)
Also, [becd]=

0o 1 -1
0 -1 0 11=0

d, d, d,
O- H dr d¥ 1 dF 0
0 d, +d, +d, =0
O 2d, +d, =0 [from Eq. (i)]
0 d, = -2d, ...(iii)

32

33

34

35
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Using Egs. (iii) and (i) in Eq. (ii), we get
d? +d? + 4d? =10, —+i

k‘

O d

1
I+

2

and d,

1
+l

&\Naw

ector is
i+j-2k)

<

Hence, required
+ L (
NG

(ixab)i+ (jxab)j+(k xa Bk

=[iab]i+ [jab]j+ [kab]k
Let a=qi+aj+agk
b=bi+b,j+bk
1 0 0
O [iab]=|a, a, a)=(ab, —b,a)
b, b, b,
0 1 0
liab] =|a, a a|=0bq -ab,)
, b, b,
0 0 1
and[kab]=laq, a aq
b, b, b,
=(ab, ~ab,)

O[iab]i+ []ab]]+[kab]k

= (szs _bza.x]i + [b103 _albs)j

+(ab, —ab, )k =a xb

Let P, Q, R and S be the given points
with position vectorsai + j + k,
i-j-k,i+2j-kandi+j+pk
respectively. Then,

QP =(a -1)i +2j +2 k,

QR =0i +3j + 0k
and QS = 0i +2j + (B +1)k are coplanar

O [QPQRQS] =0
a-1 2 2
O 0 3 0 |=0
0 2 B+1
O a-1B+1)=0
O 1-a)1+B)=0
Since, given vectorsa, b and ¢ are
coplanar.
1 1 1
O 1 -1 21=0
x x—-2 -1

O 1{1-2(x-2)} -1(-1 -2x)
+1(x-2+x)=0

0 1-2x+4+1+2x +2x -2 =0
0 2x=-4

O x=-2
Given,a=pi+j+k,b=i+qgj+kand
¢ =i+j +rk are coplanar and
p*q#r#l

Since, a,b and c are coplanar.

a [abc]=0

36

37

38

39

40.

O
_ e
[SER RN

1
1/=0
r

Op@r-1)-1(r-1)+1(1 -q) =0

a pgr—-p-r+1+1-q =0
O pgr —(p+gq+r)=-2
It is given thata,  and y are coplanar
vectors.
a [aByl=0
ab ¢
O b ¢ a|/=0
c ab
O 3abc —d -b* -¢* =0
O a +b*+c®-3abc =0
O (a+b+c)(d@ +b* +c*
—-ab —bc —ca) =0
O a+b+c =0
[~d +b®+c¢* —ab —bc —ca #0]
O vio=v[B=v =0
Hence, v is perpendicular toa, 3 and y.
Given that,
[AMa+ b) NM¥b Ac]=[a b+c b]
Ma, +b;) Ma, +b,) A, +b,)
O Nb, Nb, Nb,
Ac, Ac, Ac,
Q aQ, 4
:bl+cl b2+C2 b3+C3
b, b, b,
aQ aq g aQ @G g
O A|b, b, bj|==|b, b, b,
1 CZ CS Cl CZ 3
| A t=-1

So, no real value of A exists.

As a + 3bis collinear withc.

O a+ 3b=Ac ...(1)

Also, b+ 2c is collinear witha.

a b+ 2c = pa

From Eq. (i),

a+3b+6c =(A +6)c

From Eq. (ii),

a+3b+6c =(1 +3u)a

From Egs. (iii) and (iv), we get
A+ 6)c=(1+3u)a

Since, a is not collinear with c.

O A+ & % 8= 0

From Eq. (iv), a+ 3b+ 6¢c = 0

We know,[a xb b xc ¢ xa] =[a b c]

O A= 1

We have, |[a bc] | =V

Let V, be the volume of the

parallelopiped formed by the vectors

a,B andy.

Then, V, = [ B vl|
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a1

42

43

44

ala alb ale
Now,[apBy] =|lalb blb bl&|[abc]
ale clb cle

0 [a B y] = [abc]* [abc] 45
g [a B y] = [abcT’
u Vi =[laB vyl

= |[a bc]’| =V*

Leta=a+ 2b+ 3¢, =Ab+ 4 c and
Yy =@2A -1)c
1 2 3
Then, [@aBy]=|0 A 4
0 0 (2A-1)

[a bc]

O JaBy]= A @\ - 1)abe]

O [aByl=0ifA= 0,% [+[abc] # 0]

Hence, o, Band y are non-coplanar for all

values of A except two values 0 and %

. 1 .
Given, a = — (3i+k)

10
1 46
and b=;(2i+3j—6k]

O (2a-b)d(a xb)x (a +2b)}
=(2a -b){(a xb) xa
+ (a xb) x 2b}
=(2a-b)d(@a@)b-(b@)a
+2(@ab)b-2(b)a}
=(2a -b)d1 (b) - (0)a
+2(0)b-2(1)a} 47
[alb=0anda(a=blb=1]
(2a —b) (b - 2a)
-(4laf-4ad+[bf)
-{4-0+1} =-5

Given‘é‘:‘f)‘:‘é‘ =1

. V3

and 4 x(bxé&)="2(h +¢)

0 (am)ﬁ-{atﬁ)e:?h?e
On comparing, we get 48
éElA):—ﬁD a 13‘0039:—@

2 2
O cose=—§ [-]a =‘B‘=l]
O cosG=cos§n—E§D g=2"

6 6

We have, a xb+c =0
0 ax(axb)+a xc =0
0 (@abBa-(@a@)b+a xc =0
O 3a-2b+a xc =0
O 2b =3a +a xc
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O 2b=3j-3k -2i —j -k
=-2i+2j-4k
O b=-i+j-2k

Key Idea If any vector x is coplanar
with the vector y and z, then

x = Ay+pb
Here, u is coplanar witha and b
O u = Aa+pb

Dot product with a, we get .. (1)
[ca=21+3)-k,b=j+k,ulla =0
Dot product with b, we get

ulb = AMa [b) + p(b [b)

24 =2\ +20 .. (i)
[-u Ob =24]
Solving Egs. (i) and (ii), we get
A=-2,u=14

Dot product with u, we get
luf = MNu@)+p(ub)

luf = -2(0) +14(24)
0 luf =336
Since,ab=al¢ =0 and bd —%

O Jaxb|=]axc|=1
Now, |a xb—-a xc [

=|laxb [+ |axc [-2(xb){a xc)

1

=1+1-2 0

0
1)=1
2

Since, d is collinear to vectorc.

O c=Ad

0O (2x+3)a+b=AN(2x +3)a —b]

0 2xa +3a+b=2Aa +3Aa -bA

0 (2x-2Axa + 3a —3\a)

+(bA+b)=0

O (2x-2Ax+3-3Na+(A+1)b=0

O (2x-2Ax+3 -3\
=0and(A+1)=0

O 2x+3)-A2x+3)=0and A=-1

0 @x+3)1-N=0
] X=—§and7\=1
2
We have, alb=blé=c@ =0

and la|=]b|=]c |

Let vector (a + b +¢)be inclined toa, b
and ¢ at angles a, 3 and y, respectively.
Then,

(@a+b+c)@

la+b+c | |a |
:a&+bﬁ+cﬁ
la+b+c | |a |
=_lal
la+b+c |
|b |
la+b+c |

cos a =

Similarly, cos B =

and cos y:%
la+b+c |
Now, as|a |=|b | =|c |, therefore
cos 0 =cos 3 =cosy
O a=p =y

Hence, the vector (a + b +¢)is equally
inclined toa, b and c.

1 a 0
49 V=la 1 1|=a-1-4
01 a
0 d—V=1—302=0[say)
da
2
Now,a=ila ddV
3 dd
=-6a
v 0O 6
0 o0 =-—=(-ve)
Oda 0o 10 NE)
H =50
. . 1
Hence, V is maximum at a= —.
NE)

50 Since,b=r xa

We have,a xb =a x (r xa)
=(@f@)r-(al)a

—(@al@)r
alr=0
O r=al><b
ala
SESSION 2

1 Wehave,a =2i +j -2k

O ‘a‘:«/4+1+4:3
and b=i+j0|blV1+1 =42

Now, ‘c—a‘:3 O ‘C—ar:g
O (c-a)k-a)=9
a ‘c‘2+‘a‘2 -2c@ =9 ... (4)
Again, ‘ (a xb) XC‘ =3
O ‘a ><bHc ‘sin30°=3
0 c|=
i
ij k
Butaxb =2 1 -2 =2i-2j +k
1 1 0
0 cj=——2% =2 i)
Ja+a+1

From Egs. (i) and (ii), we get
@F+@Bf-2c@=9
O 4+9-2cld@ =90cla =2
Given two vectors lie in xy-plane. So, a
vector coplanar with them is
a=xi+yj

Since, a 0((i- j)
O (xi+yj)li-j)=0
O x-y=0
g X=y
O a=xi+xj
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and

la]=yx + ¥ = xv2
O Required unit vector
a _x(i+]j 1., .

U DS P

al  x2 2
3 Now, |a xb|*=]|a|’|b]* —(a [b)
=16 -4 =12
and |c |’=(2a xb-3b)

[ 2axb-3h)
=4|laxb|*+9]|b |’
=402+ 906
=192

O Jc|=83
Now, bl¢ =b[{2a xb - 3bh)
=-3|b[ =-48

cos0= bié
Ib|lc|

408V3 2

0 o =

6

4 letda=db=bld =cosa
0 dda-k)=0anddb-k)=0
dis parallel to(a- k) x (b-k)
i j k
o d=|cos® sinB® -1
-sin® cos® -1

(cos 8 —sin B)i + (cos 6

+sin0)j + k
O d=
V3
cosO(=dEk=i
V3

O o =cos™ @%@
3

5 Hence, pxq = {3 ax’

+2b (x — 1)}k = f(x) k,
where, f(0) f(1)=6ab <0
O By intermediate value theorem there
exists, xin (0, 1) such that f(x) = 0.
ala al ale
6 [abc]=|ba bl bl
ca ch cle
1 cosB cosB
=|cos® 1 cosB
cosB cosB 1
=1 —-3cos’0 + 2cos’ 0
=(1 -cosB)’ (1 +2cos0)
O 1+ 2cos6=200 OSZ?T[

7 Letc = xi + yj
Then,bOc ble=00 4x+ 3y =0

O E:L:)\ [Say]
3 -4

O X=3\,y = —4A

0 ¢ = A B3i - 4j)
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10

11

Let the required vector bea = pi + gj.

Then, the projections of o onb and ¢ are
a b nd @ Cc

—a , respectively.
Ib| lc |
a DL=1and ale =2 [given]
[b | lc|
0 4p+3q=5and3p —4q =10
g p=2q=-1
a=2i-j

A vector coplanar to
(2i+j+k), (i —j+k)and orthogonal to
(3i+2j+6k)
= A{2i+j+k)x (i -j +k)}
x (3i+2j+6k)]
=\ (21j-7k)
O Required unit vector is
, (21j-7k) _, (3j-k)

T Jer+ 7 o
Let a =2x"i+ 4xj+k

and b=7i-2j+ xk.

The angle betweena and b is obtuse.
0O alb<0 O 14X -8x+x<0
O 7x(2x-1)<0

)
0 XD@),%@ ()

Also, it is given, b [k = x

andﬁ<cosE:—3
| 6 2
O 2x>+3,/53 + x*
O x*>159 ... (i)

Hence, there is no common value for
Egs. (i) and (ii).

Let 6 be an angle between unit vectors a
and b.
Then, a [b=cos 0

Now, |a + b[' =|af +|b[ +2a (b

:2+2(3059:4cos29
2
D|a+b|=2(:osg

Similarly, |[a =b | =2 sin g

Ojla+b |+ |a-b]
~ 6. . 0
—2@:057+sm7@52\/§
2 2

We have,uh=0and vih =0
0 nmUOuandnOv

O nziuxv
[uxv|
Now, u xv=(i+j)x(i-j)=-2k
O n=xk
Hence,

|wih =] (i+2j+3k)0xk) | =3

12 By expandinga x (b xc), we get
aled =x* -2x+6,ad =-siny
Given, alb+c)=4
0 x*-2x+2=siny

] siny =x* -2x +2
=(x-1)+121
But siny <1
So, both sides are equal only for x = 1.
13 If(a x b) xc =0, then ¢ = axb ,
[axb |
O (axb)ld = |a xb |
a a qf
| b, b, b,| =|axb|?
Cl CZ C3
14 Here,ak=2and a xr +b =r .(0)
Dot product of Eq. (i) with a gives,
alb=alr=2

Cross product of Eq. (i) witha gives
ax(axr)+a xb
=a xr=r -b

0 2a-r+axb=r-b

[from Eq. (i)]

] r=%[2a+b+a x b

15 Since,a+b+c =0

Taking cross product with a, we get
axb+a xc=0oraxb=cxa

Similarly, bxc=a xb
Thus axb=bxc =c xa
A
¢ b
B 4 C

Now, asa, b and c are unit vectors and
a+b+c =0, thereforea,b and ¢
represents an equilateral triangle.
Hence, a xb=b xc =c xa #0

16 Taking O as the origin, let the position
vectors of A, Band C bea, bandc,
respectively.

Then, the position vectorsG,, G,

b+c c+a
and G, are ,
3

3
and 2 ; b, respectively.
_1
O V, = =labc]
6
and V, =[0G, 0G, 0G,]

Now, V, =[0G, OG,0G,]

:|j)+cc+aa+b|:|

Hs 3 3 B
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=i[b+cc +aa +b]
27
:i[abc]:ixﬁ‘/l
27 27
0o 9V, =4V,
17 Let|BC | =1

In AABC,1 =/ AB* + AC*

O tan® = AB
AC

B
D
0
A C
O sine=£andcosﬁ=£
1 1
1 . 1 .
0 Resultant vector= — i + —j
AB AC
01 i+ 1 j%
Olsin © lcos 60
In A ADC,
AD = AC sin© =] sin 6 cos 0
_ ABUAC
1

O Magnitude of resultant vector

Y
I* Gsin*@  cos®@
1 1

(AB)(AC) AD

Get More Learning Materials Here : &

18 Given, (a x b)xc =%|b||c|a
O -c x(a xb) =%|b||c|a
0 -(c )@ +(c I31‘]b=%|b||c|a

a O

—|bllc|+ (c [b)-a =(c a)b

§3| lle| + ( ]B (c ta)

Since, a and b are not collinear.

ch+%|b||c|=Oandc[h =0

O Jc|| b |cos® + %|b||c| =0

O |b||c|@:ose+%ﬁ=0
O cosB+1 =0
3
[+|b| # 0, |c| # 0]
O cosB = _
3
O Sin@:ﬁ :&
3 3
19 Given,
D C
PE
B
A q

(i) A parallelogram ABCD such that
AB=q and AD=p.

(ii) The altitude from vertex B to side
AD coincides with a vector r.

20

To find The vector r in terms of p and q.
Let E be the foot of perpendicular from
B to side AD.

AE = Projection of vector q

AE = Vector along AE of length AE

= | AE| AE
_gl)p
Ipf
Now, applying triangles law in AABE,
we get
AB+ BE =AE
0 q+r=9P)P
Ipf
0 (1 EPsz_q
Ipf
--q 20,
OppO

In an isosceles AABC in which

AB = AC, the median and bisector from
A must be same line. Statement II is
true.

u+v
Now, AD=

2
and |AD [ =lmcos @
2 2

So, |AD|:cos%

Unit vector along AD, i.e. x is given by

_ AD _ u+v
X=-—_—"" =
| AD |

2 cos a
2
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